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Find two functions of X that are differentiable everywhere and which have
the property that the derivative of their quotient is the quotient of their
derivatives.

Given: a" Oand b" 1
Prove: ab" e* +b (Inb#1)

1 r]yn"l d
lim # oy @
Evaluate n" # 0 y
Show that @™ " n(a" )" a is divisible by (2" 1)* for all positive

integers nN.

Given: S is a set in which multiplication is closed and associative.
3 - 3 - 2., — 2
Forall Xandy jns, X* =X, y* =y, andx“y=yx

Prove: Multiplication in S is commutative.
Given: mis a positive integer but m" 1

2m\ (3™ " 1)

Show: mis even.

A positive integer is chosen at random. What is the probability that its
cube ends with the digits 11?

Ten seniors who share a house decide to exchange graduation gifts.
They put their names on cards, put the cards into a hat, and mix the cards
thoroughly. Each then draws a card at random. What is the probability
that none of the ten draws his or her own name?
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Three students A, B, and C compete in a series of tests. For coming in first
in a test, a student is awarded X points; for coming in second, ¥ points;
and for coming in third, Z points. There are no ties in any of the tests and
X,Y, andz are positive integers such that X>Y>Z. Student A
accumulated 20 points, Student B accumulated 10 points, and Student C
accumulated 9 points. Student A came in second in the algebra test.

Who came in second in the geometry test?

Between 1 and 1,000,000 inclusive, which are more numerous: those
integers whose base 10 representations contain a QQOor those that do
not? How many of each type are there?

(SOLVED)

A car rode over an ant on the pavement. The ant stuck to the tire for one
revolution and then was deposited back onto the pavement. Assuming that
the radius of the tire is one foot, find the length of the curve traveled by the
ant between its death and its final resting place.

Find all sets of five positive integers whose sum equals their product.

(SOLVED)

A seafood company is decreasing by 10% the amount of tuna sold in
cylindrical cans. To minimize the impact on consumers when they see the
smaller cans, the new cans will have the same height as those used now
but a smaller diameter. By how much should the diameter be decreased
to accommodate the change?

(SOLVED)

An unusual die has six faces labeled 1, 2, 3, 5, 7, 9. If two of these dice
are rolled and the numbers showing on the upper faces are added, what is
the probability of rolling a sum of 107?

Given: The quadratic equation x? +bx+c=0has only one solution: r

b
Find the value of C interms of r.



S070834 (SOLVED)
Given: T is an equilateral triangle with height h.
S is a square with side <.
T and S have the same area.

h
Find s

S070835 (SOLVED)
One line has a slope of m and a y-intercept of 2. A different line, not
parallel to the first, has a slope of 2 and a y-intercept of m. At what
coordinates, in terms of m, must the lines intersect?

S070836 (SOLVED)
The product of the first n terms in a sequence is always Nn. What is the
2007th term in this sequence?

S070837  (SOLVED)
Given: The graphs of 3X" 9y +4=0and 2x+ay" 11= 0 intersect at
right angles.

Find the value of a.

S070838 A chessboard of size n” n, with alternating black and white squares, is
displayed on a computer screen. One can reverse the color of all
squares in a selected rectangular subarray of squares by pressing a
special mouse-button reverse key. Find the minimum number of clicks
necessary to make all of the squares the same color, either all black or all
white.

S070839 Without the aid of a calculator or any other computing device, determine
the exact value of the following GnfiniteQexpression:

S070840  (SOLVED)
Find all ordered pairs of integers (X,Y) that satisfy Xy +4x" 13= X2,



S070841 An isosceles triangle has side lengths X, Z, andz. A rectangle has length
X and width Z. The area of the rectangle is a two-digit number with both
digits equal to Z. The sum of the digits in X is one-third the value of Z.
What is the area of the rectangle?

S070842 (SOLVED) o
A calculator gives approximations of irrational numbers so we can GeeO
that 24/3 > . Explain how a circle inscribed in a regular hexagon can

be used to show that 2v/3 > " without a calculator and without any
decimal approximations.

S070843 (SOLVED)
Every positive integer can be expressed in a unique way as the sum of
powers of 2. Express 2008 as the sum of powers of 2.

S070844 (SOLVED)
The number 2008 can be expressed as a sum of two primes in several
different ways. Find at least three such representations.

LEFTOVER UNSOLVED FALL 2007 PROBLEMS

1
5070802 Evaluate 1M X(&*#1).

S070811 Two couples each agree to have exactly n children. They plan to
eventually pair off all their children in marriage so that sons and daughters of the first
couple marry daughters and sons of the second couple. Assuming that sons and
daughters are equally likely to be born, find the a priori probability Pn that such an
arrangement is mathematically possible. Using Wallis! product, Sterling!s formula, or

lim(p,)(+n).

any other well-known result, determine n

S070812 In a large urn there are 1999 orange balls and 2000 yellow balls. Next to the
large urn is a large pile of yellow balls. The following procedure is performed
repeatedly:

Two balls are chosen at random from the urn. If both are yellow, one is put back



and the other is thrown away. If both are orange, they are both thrown away and a
yellow ball from the pile is put into the urn. If one ball is orange and one is yellow, the
orange one is put back into the urn and the yellow ball is thrown away.

What is the color of the last ball in the urn?

S070813 Let P be a point inside equilateral triangle T. Show that the sum of the
three distances from P to the sides of T is constant.

S070814 Does any row of Pascalls Triangle contain three consecutive entries that are
in the ratio 1:2:3? If not, verify that there exists no such row. If there exists such a row,
find it and also find all such rows.

S070817 An m! n rectangle is divided by horizontal and vertical lines to form
a grid of mn squares with each 1! 1. How many different rectangles are determined by
this grid?

LEFTOVER UNSOLVED 2006-07 PROBLEMS

S060702 A @it cubeOin 4-dimensional space is determined by the following:
lal ' 1 It L 4! 1, and [y]! 1.

What is the maximum value of 18X+ ay+bx! by| gver this @nit cube®

S060705 An unusual paper punching machine, when centered at a point in the
xy-plane, removes infinitely many points when operated. Specifically, when centered at

(a b) and activated, it obliterates every point whose distance from (@ b) is irrational.

Show that centering this machine at the points (0. 0). (1. 0), and(V2., 0)
machine to eliminate all the points in the plane with only three punches.

will allow the

S060714 Suppose that 9 is a non-negative rational number used as an approximation
q+2

to v2. Showthat d+1 s always a better rational approximation.



